
H Y D R O D Y N A M I C  A N A L O G I E S  OF T H E  P H E N O M E N A  

OF I G N I T I O N  AND E X T I N C T I O N  

A.  G. M e r z h a a o v  a n d  A.  M. S t o l i n  UDC 532.135 

The problem of determining the s teady-s ta te  diss ipat ive heating of a Newtonian liquid moving 
in a round tube of finite leng-th, taking account of the dependence of the viscosi ty on the t e m -  
perature ,  is formulated.  The possibili ty of a jumpwise t ransi t ion from low- tempera tu re  flow 
conditions with smal l  mass  flow rates  to h igh- t empera tu re  flow conditions with large  mass  
flow rates ,  and the r eve r s e  with a gradual change in the p r e s s u r e  drop, is established. This 
phenomenon is brought about by hydrodynamic thermal  ignition and extinction; an analytical  
descr ipt ion of it is given. 

1. The dissipative evolution of heat with a nonlinear dependence of the viscosi ty on the t empera tu re  
can lead to the development of a hydrodynamic thermal  explosion. A theoret ical  justification of this phe-  
nomenon for Couette flow, with a t ime- invar iab le  shear  s t r e s s  at a movable boundary was obtained in [1] 
and an experimental  confirmation in [2]. A hydrodynamic thermal  explosion was predicted for  the f i r s t  
t ime for  a p ressur ized  type of flow [3]. With the solution of the nonisothermal problem of the flow of a v i s -  
cous liquid in a tube of infinite length under the action of a given p r e s s u r e  gradient,  in [3] as well as in [4-6], 
there was proved the existence of a c r i t i ca l  value of the p r e s s u r e  gradient,  above which there  is no s teady-  
state solution of the problem. It is necessa ry  to bear  in mind a cer ta in  idealization of the above statement  
of the problem, consist ing in the considerat ion of a tube of infinite length, and in the assignment ,  as a s t a r t -  
ing pa ramete r ,  of the p r e s s u r e  gradient whose value is usually sought. In the case  of a tube of finite 
length, for t ime- invar iable  boundary conditions, s teady-s ta te  flow conditions always exist [7]. 

It is shown in the present  a r t ic le  that, if the thermal  initial scction and the limited nature of the r e -  
sidence t ime of the liquid in the tube a re  taken into considerat ion,  then the appearance of nonlinearity of 
the dissipat ive function of the heat evolution manifests itself not in the form of a hydrodynamic thermal  ex- 
plosion, i.e., in an essentially nonsteady-s ta te  development of the process  with p rogress ive  self-heat ing of 
the liquid but in the possibil i ty of a sharp jumpwise transit ion,  with a continuous change of the p re s su re  
drop from low- tempera tu re  s teady-s ta te  flow conditions to h igh- tempera tu re  conditions and back; under 
these c i rcumstances ,  the cr i t ica l  conditions for the t ransi t ions do not coincide (the hys t e re s i s  effect). This 
phenomenon belongs to the same  c lass  as the phenomena of ignition and extinction in the theory of combus-  
tion [8, 9] and inmagne t i chydrodynamics  [10-12] due to the nonlinearity of the dependences, respect ively ,  
of the reaction rate  and the e lectr ical  conductivit  5, on the temperature .  The above analogies make it pos-  
sible to use the "zero-d imensional"  method, which has been effectively applied in the theory of combustion 
[13] for  a theoret ical  descript ion of the phenomena of hydrodynamic ignition and extinction. 

Let us cons ider  the s teady-s ta te  flow conditions of a viscous incompress ib le  liquid in a round cyl in-  
drical  tube of radius R and length l. The flow is due to the p r e s s u r e  drop at the inlet and outlet of the tube 
~p = p (0) -o ( l ) .  

We make the assumption of thermal  flow conditions, considerably  simplifying the problem. We shall 
assume that there  is no distribution of the p r e s s u r e  in a c ro s s  section of the tube and that the heat t r a n s -  
fer  along the axis of the tube is not significant. 

The f i rs t  assumption holds with small  Blot numbers  Bi = ~R/~ <<1, and the second with large  Pecle t  
numbers  Pe = Q/(TrRa) >>1 (here ~ is the hea t - t r ans fe r  coefficient;  2, and a a re  the coefficients of thermal  
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conductivity and thermal diffusivity of the liquid; Q is the mass flow rate of the liquid in unit time). If the 
condition Bi << 1 is not observed and there is a pressure distribution in the cross section, then we shall use 
the concepts of the mean temperature and the effective heat-transfer coefficient ~ in a way similar to that 
used in the problem of a thermal explosion [9]. With application to the given case, an expression for ~ is 
obtained below (section 4). 

With the assumptions made,  the heat-balance equation, r e fe r r ed  to unit volume of the liquid under 
s teady-s ta te  conditions, has  the form 

cp d T  2a  
nw Q'-~-z --= q (T) -- --~--(T -- To) (I . i )  

l te re  c is the heat capaci ty;  p is the density; T O is the t empera tu re  of the surrounding medium; q(T) is 
the dissipation function. In the case  where  there  is no dissipation of energy [q(T) = 0], f rom Eq. (1.1) in 
[14, 15] a formula  is obtained for determining the s teady-s ta te  heating (cooling) of the liquid moving in the 
tube. In the general  case ,  to determine the dissipative evolution of heat, together with Eq. (1.1) it is neces -  
sazT to cons ider  the hydrodynamic equations and the rheological equation of the liquid. 

To de termine  the form of q(T) we adopt the following assumptions with respec t  to the cha rac t e r  of the 
flow of the liquid: 

1) the flow is laminar ,  one-dimensional ,  and s teady-state ,  i.e., v = v z is s ingular  and not equal to 
zero;  the component of the velocity and 0v/0t = 0; 

2) in the initial c r o s s  section of the tube z = 0, the flow of liquid has a definite l aminar  velocity p ro -  
file, cor responding to i so thermal  flow. 

The la t ter  assumption is equivalent to the observance of the conditions Ii << 12 and l 1 << 1 (/i and 12 are,  
respect ively,  the lengths of the sect ions of hydrodynamic and thermal  stabilization) and is pract ical ly  always 
satisfied. 

Since the expression for  the dissipation function 
R 

q(T) : 2 i z D r d r  
0 (1.2) 

(the factor 2/R 2 is a result of averaging) contains the shear stress c and the deformation rate D, the heat- 
balance equation (1.1) must be supplemented by the hydrodynamic equations and a theological equation con- 
necting c and D. For the flow under analysis we have [15] 

dp r dv 
z - Z~z = -&--~--, D = d"~- (1.3) 

where dp/dz is the p r e s s u r e  gradient.  Substituting (1.3) into (1.2), we obtain 
R 

q(T)  ---- 7~- . r~dr (1.4) 
0 

Let us consider further the case of a Newtonian liquid 

o .,: I~ (r) D (1.5) 

with a Reynolds dependence of the viscosi ty on the tempera ture  

( T )  ~- p.o e-k(T-T. )  ( ~ o ,  k ---- c o n s t )  (1.6) 

Taking account of the boundary condition v(R) = 0, we integrate the expression for  the volumetric flow 
rate  Q in unit t ime by par ts  

R B 

Q= 2n I v ( r ) rdr=  - - ~ i  d~ -~r r2 dr (1.7) 
0 0 

Using (1.3) and (1.5), we obtain 

R 

X S dp r ~ . 0 = - - ' - 5  - -gT -~'~ a r 
o 

(i.~,) 
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Fig. i 

The heat -ba lance  Eq. (1.1) 

By vir tue of the assumption adopted and f rom the condi-  
tion of continuity, the dissipation heating of the moving liquid 
does not change the velocity profile.  Since the viscosi ty  de-  
pends on the tempera ture ,  and the t empera tu re  var ies  only a-  
long the length of the tube, there  is a p r e s s u r e  drop along the 
tube, determined f rom (1.8) by the relat ionship 

d._LP = _  ~ Q  e-~(T-~,) 
dz ~1r (1.9) 

The relat ionships for  the mass  flow ra te  (1.8) and the 
p r e s s u r e  gradient  (1.9) permit  represent ing  the expression for  
the dissipation function (1.4) in the fo rm 

q (T) = 8tt~ e-~,'(T-T,) 
a'~ ( 1 . 1 0 )  

taking account of (1.10) is represen ted  in the following manner:  

cp dT 8~o 2r 
Q ~ =~"kT-~ Q 2e-~(T-T~ - -  -'-ff ( T -  To) (1.11) 

Let us cons ider  the ease  where the t empera tu re  of the liquid at the inlet to the tube and the external  
medium a r e  equal, i.e. 

z = 0, T = T O (1.12) 

We integrate  Eq. (1.9) 

I 

~oQ (e-~tr-r.) dz Ap = p ( 0 ) - - p ( 1 ) =  .~j~, ,~ (1.13) 
0 

In what follows we shall distinguish two sets of flow conditions: the mass  flow ra te  of the liquid is 
given, Q; the p r e s s u r e  drop 5p in a section of the tube with a length l is given. In the f i r s t  case ,  to de t e r -  
mine the s teady-s ta te  dissipat ive heating, it is sufficient to solve the differential Eq. (1.11), and, in the s e c -  
ond case,  the sys tem of the differential and integral  Eqs. (1.11) and (1.13). 

We bring Eqs. (1.11) and (1.13) into dimensionless  form. We choose  the following dimensionless  v a r i -  
ables and pa rame te r s :  

k t f k ~ f f -  
t 0=  Q, A ~ = 7 7 A p ,  B = ~ a  

0 = k (T -- ro), [ = z / l (1.14) 

Then, the problem under considerat ion comes  down to solution of the equations 

1 dO 
Aa~=cole-~ ~ = 0 ,  0 0 r ~ -  = o)%-0 - -  BO, = 

o ( 1 . 1 5 )  

In wha t  fo l lows  w e  s h a l l  l e a v e  a s  d i m e n s i o n l e s s  v a r i a b l e s  the  d e s i g n a t i o n s  of the  d i m e n s i o n a l  q u a n t i -  
t i e s  defining their  physical  meaning, i.e., w the mass  flow rate;  ATr the p r e s s u r e  drop; 0 the tempera ture ;  
the longitudinal coordinates ;  B the h e a t - t r a n s f e r  coefficient.  

2. Let us examine the resu l t s  of a numer ica l  sQlution of the problem (1.15). The dependence of the 
s teady-s ta te  value of the t empera tu re  at the outlet f rom the tube 0(1) = 01 on the p r e s s u r e  drop Alt iS of 
in teres t .  Figure  1 shows a fmnily of such curves ,  1-7, corresponding to values  of the hea t - t r ans f e r  coef -  
ficient B=0,  10, 30, 60, 100, 250, and 500. 

With B = 0 (straight line 1), which cor responds  to adiabatic flow, we have 01 = 01 ~ = ATr. This resul t  
can be obtained f rom Eqs. (1.5). As is shown in [7], for  an a rb i t r a ry  value of B with w ~  

0 x ~ 01 ~ = A~t, An .~ In ta ( 2 . 1 )  

This means that the adiabatic s traight  line is an asymptote  for  all the t empera tu re  curves .  
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With  s u f f i c i e n t l y  s m a l l  v a l u e s  of B = 10, 30 ( c u rve s  2, 3), the  t e m p e r a t u r e  01 r i s e s  m o n o t o n i c a l l y  and 
only one  s e t  of s t e a d y - s t a t e  c o n d i t i o n s  i s  p o s s i b l e .  T h e  t r a n s i t i o n  a long  the  t e m p e r a t u r e  c u r v e s  f r o m  the  
r e g i o n  of low v a l u e s  of t he  t e m p e r a t u r e  to the  r e g i o n  of high t e m p e r a t u r e s  i s  e f f ec t ed  s m o o t h l y .  F o r  t he  
l o w - t e m p e r a t u r e  s e c t i o n  of the  c u r v e s ,  w h e r e  0<<1 (phys i c a l l y ,  t h i s  c o r r e s p o n d s  to  t he  s low flow of a l o w -  
v i s c o s i t y  l iquid) ,  t he  d e p e n d e n c e  of the  d i s s i p a t i v e  h e a t  s o u r c e  on the  t e m p e r a t u r e  can  b e  n e g l e c t e d  

q (0) =: o):e -~ ~.  r = eonst 

With  cond i t i on  (2.2), the  so lu t i on  of Eqs .  (1.15) has  the  f o r m  

(2.2) 

01 = An2B -I (1 - -  e-~,a=), ~ --= An (2.3) 

In the  h i g h - t e m p e r a t u r e  r eg ion ,  w h e r e  0 >> 1, the  a d i a b a t i c  so lu t ion  (2.1) i s  a good  a p p r o x i m a t i o n .  

With  c e r t a i n  v a l u e s  of the  p a r a m e t e r s  (B = B ,  ~ 60, A r  = A g ,  ~ 5.65), c u r v e  6 r i s e s  u p w a r d s  a l m o s t  
v e r t i c a l l y .  

With  a f u r t h e r  i n c r e a s e  in the  va lue  of B the  t e m p e r a t u r e  c u r v e s  5, 6, 7 (B = 100, 250, 500) t a k e  on an 
S - s h a p e d  f o r m .  F o r  the  d i s c u s s i o n ,  we  s e l e c t  the  c u r v e  6, c o r r e s p o n d i n g  to the  va lue  B = 250. T h r e e  
b r a n c h e s  can  be  d i s t i n g u i s h e d  on the  c u r v e :  a l o w e r  l o w - t e m p e r a t u r e  b r a n c h  up to the  po in t  (ATr+, 0+), c o r -  
r e s p o n d i n g  to a l m o s t  i s o t h e r m a l  f low, and i n t e r m e d i a t e  and u p p e r  b r a n c h e s  beyond  the  poin t  (ATr_, 0_), c o r -  
r e s p o n d i n g  to a l m o s t  a d i a b a t i c  f low c o n d i t i o n s .  If the  g r a d u a l l y  i n c r e a s i n g  p r e s s u r e  d r o p  A,~ m o v e s  a long  
the  t e m p e r a t u r e  c u r v e  a w a y  f r o m  the  r e g i o n  of low t e m p e r a t u r e s ,  then the  s t e a d y - s t a t e  he a t i ng  p a s s e s  
j u m p w i s e  f r o m  low v a l u e s  to high v a l u e s .  T h e  r e v e r s e  t r a n s i t i o n  f r o m  l a r g e  d e g r e e s  of he a t i ng  to s m a l l  
wi th  a g r a d u a l  d e c r e a s e  in Aw a l s o  t a k e s  p l a c e  j u m p w i s e .  T h i s  c a s e  i s  a n a l o g o u s  to the  phenomenon  of i g -  
n i t ion and ex t inc t ion  u n d e r  t h e r m a l  c o m b u s t i o n  c o n d i t i o n s  [8, 9]. T h e r e f o r e ,  f o r  the  f low u n d e r  c o n s i d e r a -  
t ion,  w e  can  s p e a k  of the  phenomenon  of h y d r o d y n a m i c  ign i t ion  and ex t inc t ion .  T h i s  phenomenon  m a n i f e s t s  
i t s e l f  in the  f ac t  that ,  n e a r  the  f i r s t  c r i t i c a l  po in t  wi th  the  c o o r d i n a t e s  (AT+, 0+), wi th  an in f in i t e ly  s m a l l  i n -  
c r e a s e  in the  p r e s s u r e  d r o p  t h e r e  i s  a s h a r p  t r a n s i t i o n  f r o m  l o w - t e m p e r a t u r e  f low c o n d i t i o n s  to h i g h - t e m -  
p e r a t u r e  c o n d i t i o n s ,  i . e . ,  i gn i t ion ,  w h i l e  n e a r  t he  s e c o n d  c r i t i c a l  po in t  wi th  the  c o o r d i n a t e s  (ATr_, 8 )  t h e r e  
i s  the  r e v e r s e  t r a n s i t i o n ,  i . e . ,  ex t inc t ion .  

As  in the  t h e o r y  of c o m b u s t i o n ,  the  c r i t i c a l  c o n d i t i o n s  fo r  ign i t ion  and ex t inc t i on  do not  c o i n c i d e .  In 
view of t h i s ,  w e  can  s p e a k  of the  h y s t e r e s i s  c h a r a c t e r  of the  phenomenon .  H y s t e r e s i s  f low c o n d i t i o n s  and 
c r i t i c a l  c o n d i t i o n s  a r e  p o s s i b l e ,  a s  can  b e  s een  f r o m  F i g .  1, wi th  ATr > 5.65. In t he  c a s e  of c r i t i c a l  v a l u e s  
of the  p a r a m e t e r s  ATr, = 5.65 and B .  = 60, the  h y s t e r e s i s  e f fec t  v a n i s h e s ,  i . e . ,  the  po in t s  of ign i t ion  and e x -  
t i nc t ion  c o m e  t o g e t h e r  in to  a s i n g l e  point .  If ATr < 5.65, then with  a c h a n g e  in t he  h e a t - t r a n s f e r  c o e f f i c i e n t  
B, the  s t e a d y - s t a t e  t e m p e r a t u r e  v a r i e s  m o n o t o n i c a l l y  and we  can  s p e a k  of a p r o c e s s  wi thou t  a c r i s i s .  

The  p h e n o m e n o n  d e s c r i b e d  a b o v e  a p p l i e s  to t he  c a s e  w h e r e  the  p r e s s u r e  d r o p  Au = e o n s t  i s  g iven  a s  
a s t a r t i n g  p a r a m e t e r .  With  a g iven  m a s s  f low r a t e  w = c o n s t ,  only  one s e t  of s t e a d y - s t a t e  c o n d i t i o n s  i s  p o s -  
s i b l e  and,  wi th  a g r a d u a l  i n c r e a s e  in the  v a l u e  of w, t h e r e  i s  a s m o o t h  i n c r e a s e  in the  s t e a d y - s t a t e  hea t ing  
of the  l iquid .  T h i s  can  b e  s e e n  f r o m  F i g .  2, which shows  the  d e p e n d e n c e  of the  r e l a t i v e  t e m p e r a t u r e  81/01" 
(81" i s  the  a d i a b a t i c  t e m p e r a t u r e )  on In w ( c u r v e s  1, 2, 3, 4, 5, 6, 7 c o r r e s p o n d  to the  v a l u e s  B = 1, 10, 30, 
60, 100, 250, 500). 

T h e  a b o v e  l aws  a r e  i l l u s t r a t e d  on F i g .  3, which shows  t h e  d e p e n d e n c e  A~- - ln  w with d i f f e r e n t  v a l u e s  
of the  p a r a m e t e r  B = 0, 10, 60, 100, 250, 500 ( c u r v e s  1-6) .  With  any g iven  v a l u e s  of B, a g iven  m a s s  f low 
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r a t e  c o r r e s p o n d s  to a s i n g l e  s t e a d y - s t a t e  v a l u e  of Au, w h i l e  wi th  su f f i c i e n t l y  l a r g e  v a l u e s  of B, a g iven  
p r e s s u r e  d r o p  in the  i n t e r v a l  &Tr_ < &r. <At.+ c o r r e s p o n d s  to t h r e e  v a l u e s  of the  s t e a d y - s t a t e  m a s s  f low r a t e :  
a low va lue  to a s m a l l  v a l u e  of the  m a s s  flow r a t e ,  a high v a l u e  to a l a r g e  va lue  of the  m a s s  f low r a t e ,  w h i l e  
a m o d e r a t e  va lue  r e p r e s e n t s  u n s t a b l e  c o n d i t i o n s .  With a g r a d u a l  c h a n g e  in LTr, the  t r a n s i t i o n  f r o m  s m a l l  
v a l u e s  of the  m a s s  flow r a t e  to l a r g e  v a l u e s  and back  is  s h a r p .  

3. Le t  us  m a k e  an a n a l y t i c a l  i n v e s t i g a t i o n  of the  a b o v e - d e s c r i b e d  phenomenon .  F o r  th i s  p u r p o s e  we  
use  a z e r o - d i m e n s i o n a l  me thod ,  which has  p r o v e d  f ru i t fu l  f o r  t he  d e s c r i p t i o n  of the  q u a l i t a t i v e  and q uan t i -  
t a t i ve  a s p e c t s  of the  p h e n o m e n a  of ign i t ion  and ex t inc t i on  in the  t h e o r y  of c o m b u s t i o n  [13], a s  we l l  a s  fo r  
the  d e s c r i p t i o n  of h y s t e r e s i s  efi e c t s  f o r  the  s i m p l e s t  c a s e s  of  m a g n e t o g a s d y n a m i c  f lows  [11, 12]. F r o m  a 
p h y s i c a l  poin t  of v iew,  th i s  me thod  c o r r e s p o n d s  to a t r a n s i t i o n  f r o m  a o n e - d i m e n s i o n a l  mode l  of i d e a l  d i s -  

p l a c e m e n t  to a mode l  of idea l  mix ing .  

In p l a c e  of the  t e m p e r a t u r e  d i s t r i b u t i o n  a long  the  l eng th  of the  tube  0(}), w e  i n t r o d u c e  s o m e  mean  va lue  
of the  t e m p e r a t u r e  0 (he re  and in what  fo l lows  no s p e c i a l  no ta t ion  i s  u sed  f o r  the  m e a n  t e m p e r a t u r e ) .  E f f e c t -  
ing  a f i n i t e - d i f f e r e n c e  t r a n s i t i o n  d 0 / d ~  0, w e  obta in  the  fo l lowing  z e r o - d i m e n s i o n a l  r e p r e s e n t a t i o n  of Eqs .  

(1.15): 

0)3 :=  0s -~  - -  B 0 ,  A n  = 0)e -~  ( 3 . 1 )  

F o r  f low c o n d i t i o n s  with a g iven  p r e s s u r e  d rop  ,2: = c o n s t ,  e l i m i n a t i n g  w f r o m  Eq. (3.1), we ob ta in  

h.x0e e = An'~e * - -  BO (3.2) 

Denoting 

qx(O) = A~2e ~ ( l - - 0 / h ~ ) ,  q2(0) = B0 (3.3) 

S t e a d y - s t a t e  v a l u e s  of 0 c o r r e s p o n d  to i n t e r s e c t i o n  of the  c u r v e  qt(0) and the  s t r a i g h t  l i ne  q2(0). As  
can  be  seen  f r o m  F ig .  4a ,  b, c ,  depend ing  on the v a l u e  of the  p a r a m e t e r s  ?Tr and B, a d i f f e r e n t  c h a r a c t e r  of 
the  i n t e r s e c t i o n  of qt(0) and qz(0) i s  p o s s i b l e :  1) wi th  E:r< A t .  (the va lue  of A t .  w i l l  be  found below),  c o n -  
t a c t  be tween  qt(0) and qz(0) is  i m p o s s i b l e  and the  so lu t ion  i s  unique  fo r  any g iven  v a l u e s  of B, and flow c o n -  
d i t i ons  wi thout  a c r i s i s  e x i s t  (Fig.  4a);  2) with L~ = ? r , ,  c o n t a c t  be tw e e n  ql(0) and q2(0) is  p o s s i b l e  at  a s i n -  
g l e  po in t  (F ig .  4b); 3) with &Tr > &Tr., depend ing  on the  p a r a m e t e r  B (the a r r o w  of F i g .  4c i n d i c a t e s  a d i r e c t i o n  
t o w a r d  the s i d e  of a d e c r e a s e  in B), t h e r e  can  be  e i t h e r  one po in t  of i n t e r s e c t i o n  on the h i g h - t e m p e r a t u r e  
b r a n c h  ( s t r a i g h t  l i ne  1) and on the  l o w - t e m p e r a t u r e  b r a n c h  ( s t r a i g h t  l i ne  5), o r  t h r e e  po in t s  of i n t e r s e c t i o n  

( s t r a i g h t  l i ne  3). 

An i n v e s t i g a t i o n  of s t a b i l i t y  a n a l o g o u s  to that  c a r r i e d  out f o r  the  p r o b l e m  of t h e r m a l  exp los ion  [13] 
shows  that ,  out of the  t h r e e  p o s s i b l e  s t e a d y - s t a t e  s e t s  of c o n d i t i o n s ,  only the  h i g h - t e m p e r a t u r e  and the  l o w -  
t e m p e r a t u r e  a r e  s t a b l e  w h i l e  the  i n t e r m e d i a t e  i s  uns t ab l e .  The  c a s e  of t h r e e  po in t s  of i n t e r s e c t i o n  c o r -  
r e s p o n d s  to a h y s t e r e s i s  c h a r a c t e r  of t he  p r o c e s s .  

The  s p e c i a l  q u a l i t a t i v e  c h a r a c t e r i s t i c s  of the  c h a n g e  in the  s t e a d y - s t a t e  t e m p e r a t u r e  with a v a r i a t i o n  
of the  p a r a m e t e r s  B and : : ,  no ted  in s e c t i o n  2, a r e  r e t a i n e d  a l s o  in the  s i m p l i f i e d  z e r o - d i m e n s i o n a l  c o n -  
s i d e r a t i o n .  Le t  us  p a s s  on to a quan t i t a t i ve  c o m p a r i s o n .  F i g u r e  5 g i v e s  t e m p e r a t u r e  c u r v e s  1 and 2 f o r  B = 
30 and B = 100, ob t a ined  by c a l c u l a t i o n  us ing  the  s t a r t i n g  i n t e g r o d i f f e r e n t i a l  s y s t e m  (1.15), and c u r v e s  1' 
and 2' f o r  t h e s e  s a m e  v a l u e s  of B, ob t a ined  by an a p p r o x i m a t e  c a l c u l a t i o n  us ing  a z e r o - d i m e n s i o n a l  s c h e m e  
f o r  t he  t r a n s c e n d e n t a l  Eq. (3.2). The  c o r r e s p o n d i n g  c u r v e s  ob t a ined  by  the  two m e t h o d s  p r a c t i c a l l y  c o i n c i d e  
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tem of equat ions  

with sma l l  va lues  o f / ~  r igh t  up to the c r i t i c a l  point  of ignit ion. 
The  d ive rgence  between them is c o n s i d e r a b l e  n e a r  the c r i t i c a l  point  
of extinction.  An analogous  c h a r a c t e r  of the a g r e e m e n t  be tween the 
ca lcu la ted  c h a r a c t e r i s t i c s ,  us ing the z e r o - d i m e n s i o n a l  method,  was  
obtained in [12]. 

We obtain ana ly t ica l  r e l a t ionsh ips  f o r  f inding the c r i t i c a l  c o n -  
di t ions of hydrodynamic  t h e r m a l  ignit ion and ext inct ion.  It can  be 
seen f r o m  Fig.  4c that these  condi t ions  c o r r e s p o n d  to the points  of 
con tac t  between ql(0) and q2(0) ( s t ra igh t  l ines  2 and 4), i .e . ,  to  the 
points  (Au+, 0+) and (An_, 0_). To degermine  them we have  the s y s -  

qx = q2, A n 2 e  ~ ( t  - -  0 / A n )  = B 0  

dqxldO = dq./dO, hn*e * ( i - - 0 / A n - - t /  hn) = B  (3.4) 

Subst i tut ing B f r o m  the f i r s t  equation into the second,  we obtain the quadra t ic  equation 

0 2 - 5 ~ 0 +  An - 0  (3.5) 

having the fol lowing roo t s :  

0 ~- '/2A,~ (t :V V i - 4 /An)  (3.6) 

Here  the minus sign c o r r e s p o n d s  to 0 = 0+, i .e . ,  to the c r i t i c a l  ignition t e m p e r a t u r e ,  and the plus sign 
to 0 = 0_, i .e . ,  to the  c r i t i c a l  ext inct ion t e m p e r a t u r e .  It fol lows f r o m  e x p r e s s i o n  (3.6) that  the phenomena  of 
igni t ion and ext inct ion a r e  poss ib le  only with &Tr >&Tr, = 4. Subst i tut ing Eq. (3.6) into the second equation of 
s y s t e m  (3.4), we obtain the c r i t i c a l  dependences  B~ =fl(/~Tr) and B_ = f2(&Tr). 

D i a g r a m s  of the c r i t i c a l  dependences  of the h e a t - t r a n s f e r  coef f i c ien t s  B+, B_ and the t e m p e r a t u r e s  
0+, O_ on the p r e s s u r e  d rop  Au a r e  shown in Fig.  6a, b. The sol id l ines  c o r r e s p o n d  to an exact  solut ion [in 
a c c o r d a n c e  with Eq. (1.15)], and the b roken  l ines  to an a p p r o x i m a t e  solut ion (using the z e r o - d i m e n s i o n a l  
method) .  As can be  seen  f r o m  Fig.  6, the whole  reg ion  is  divided into the h y s t e r e s i s  r eg ion  1 (in which 
c r i t i c a l  ignit ion and extinction condi t ions  a r e  poss ib le) ,  and the reg ion  without  a c r i s i s  2. The ha tched  r e -  
gion c o r r e s p o n d s  to the d i v e r g e n c e  between the exact  and a p p r o x i m a t e  so lu t ions .  The  c o m m o n  point  of the 
c u r v e s  c o r r e s p o n d s  to c o i nc i de nc e  of the c r i t i c a l  ignit ion and ext inct ion condi t ions .  F o r  this ea se ,  f r o m  
f o r m u l a s  (3.6), (3.4), and (3.1), we  have 

An. = 4, 0,  = 2, co. = B .  = 4e 2 ~ 30 (3.7) 

F r o m  the ca l cu l a t i ons  of the s t e a d y - s t a t e  t e m p e r a t u r e  (Fig. 5) and the c r i t i c a l  p a r a m e t e r s  (Fig. 6) it 
can  be  seen that  the  z e r o - d i m e n s i o n a l  r e l a t ionsh ips  in t roduced  not only r e f l e c t  c o r r e c t l y  the qual i ta t ive  
s ide  of the phenomenon of hyd rodynamic  t h e r m a l  ignit ion and extinction,  but a l so  p e r m i t  s impl i f ied  c a l c u l a -  
t ional  evaluat ions .  

We use  r e l a t ionsh ips  (3.7) f o r  a ca lcu la t ion  using the  example  of d imens iona l  c r i t i c a l  p a r a m e t e r s  c o r -  
r esponding  to co inc idence  of the c r i t i c a l  ignit ion and extinct ion condi t ions .  As a model  l iquid we take  c a s -  
t o r  oil ,  f o r  which c = 0.51 c a l / ( g . d e g ) ,  p = 0.964 g / c m  3, k = 0.085 deg -1, if T ~  (9-40~ [2]. Let  T O = 9 ~ R = 

8- ! 

~ 2 

2 

2r 8 t2 A~ 

27b 

2 
8 12 .4~" 

Fig. 6 
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( B - - ~ )  is  of i n t e r e s t .  
f o r m e d  to the  f o r m  

0.1 c m ,  l = 20 cm.  To t h e s e  v a l u e s ,  f r o m  Eq. (3.7), t h e r e  c o r r e s p o n d  
I T ,  = 23.5 ~ C, Ap ~ 1000 a tm ,  Q .  = 375 c m 3 / s e c ,  a ,  = 1.47 e a l / ( c m  2. 
sec  �9 deg) ,  Re  = 150. Thus ,  h e r e  t h e r e  a r e  o b s e r v e d  the c o n d i t i o n s  f o r  
l a m i n a r  f low and f o r  a l i m i t e d  c h a r a c t e r  of the  r a n g e  wi th in  which  the  
d e p e n d e n c e  of t he  v i s c o s i t y  on the  t e m p e r a t u r e  is  va l id .  T h e  c r i t i c a l  
va lue  of •  c a n  b e  d e c r e a s e d  by p r e l i m i n a r y  h e a t i n g  of the  l iqu id ,  so  
tha t  the  i n l e t  t e m p e r a t u r e  T(z  =0) w i l l  be  g r e a t e r  than the  t e m p e r a t u r e  
of the  s u r r o u n d i n g  m e d i u m  T o �9 

4. An a n a l y s i s  of the  l i m i t i n g  c a s e  of an " i n f i n i t e l y  long" tube  

In th is  c a s e  L T r - - ~ , d 0 ( 1 ) / d ~  ~ 0. The  equa t ions  d e s c r i b i n g  the  p r o c e s s  a r e  t r a n s -  

~e e - 0  = 0 ,  P. = An 2 / B  (4.1) 

In p l a c e  of the  two p a r a m e t e r s  ~ r  and B d e t e r m i n i n g  the  t h e r m a l  flow c o n d i t i o n s ,  f o r  a tube  of i n f i -  
n i t e  length  t h e r e  f i g u r e s  the  s i n g l e  p a r a m e t e r  ~.  P h y s i c a l l y ,  the  i n t r o d u c t i o n  of f2 m e a n s  that  in p l a c e  of 
the  p r e s s u r e  d r o p  Ap, the  p r e s s u r e  head  b = A r , / l  m u s t  be  c o n s i d e r e d  a s  a p a r a m e t e r .  T h i s  was  done  in [3]. 

T h e  t h e o r y  of Eq. (4.1) i s  known in the  t h e o r y  of t h e r m a l  exp los ion  of N. N. S e m e n o v  [16, 9], f r o m  
which i t  fo l lows  that  

fl ,  = i / e ( 4 . 2 )  

F o r  a tube  of in f in i t e  length  the  phenomenon  of ex t inc t i on  v a n i s h e s  and t h e r e  a r e  no h i g h - t e m p e r a t u r e  
s t e a d y - s t a t e  c o n d i t i o n s .  In th i s  c a s e ,  we can  s p e a k  of the  phenomenon  of a h y d r o d y n a m i c  t h e r m a l  exp los ion  

[3l. 

On F ig .  7 the  r e s u l t s  o[ c a l c u l a t i o n s  of c r i t i c a l  ign i t ion  c ond i t i ons  f o r  tubes  of d i f f e r e n t  l ength  a r e  
r e p r e s e n t e d  in the  f o r m  of the  d e p e n d e n c e  9., (B). T h e  d i v e r g e n c e  be tween  the  c u r v e  ~ .  (B) and the s t r a i g h t  
l i ne  ~• = 1 / e  is  an ef fec t  of the  f i n i t e  d i m e n s i o n s  of the  tube.  Th i s  e f fec t  i s  s m a l l  r i g h t  up to a va lue  of B =  
B ,  (the g r e a t e s t  d i v e r g e n c e  is  ~ 3 0 % ) .  T h e  e x i s t e n c e  of B .  and i t s  va lue  a r e ,  in p r i n c i p l e ,  c o n n e c t e d  wi th  
the bounded length  of the  tube  (or with the  r e s i d e n c e  t i m e  of the  l iquid  in the  tube) .  

In [3] t h e r e  is  a d e s c r i p t i o n  of the  phenomenon  of a h y d r o d y n a m i c  t h e r m a l  exp los ion  with  the  flow of 
a l iqu id  in an in f in i t e  c y l i n d r i c a l  tube  with a t h e r m o s t a t t e d  wa l l ,  i . e . ,  in t he  c a s e  w h e r e  the  t e m p e r a t u r e  d i s -  
t r i b u t i o n  o v e r  the  c r o s s  s ec t i on  of the  tube  i s  c o n s i d e r a b l e .  F o r  th is  c a s e ,  t ak ing  a c c oun t  of the  Reyno lds  
d e p e n d e n c e  of the  v i s c o s i t y  on the  t e m p e r a t u r e  (1.6) ,  in a c c o r d a n c e  with [3l, the  c r i t i c a l  c ond i t i ons  fo r  a 
t h e r m a l  exp los ion  can  be  w r i t t e n  in the  f o r m  

kb='B~,t6"t.t.t (To) = 2 (4.3) 

w h e r e  h i s  the  c o e f f i c i e n t  of t h e r m a l  c o n d u c t i v i t y  of the  l iqu id ;  12(Tu) i s  the  v i s c o s i t y  wi th  T = T00~(T0) = ~0)- 
In the  p r e s e n t  w o r k  an a n a l o g o u s  so lu t ion  to Eq. (4.2) w a s  o b t a i n e d  fo r  the  c a s e  w h e r e  t h e r e  i s  no t e m p e r a -  
t u r e  d i s t r i b u t i o n  o v e r  the  c r o s s  s e c t i o n  of the  tube;  i t  can  be  r e p r e s e n t e d  in the  f o r m  

kb2R a / 16ap0 = t / e (4.4) 

A c o m p a r i s o n  be tween  Eqs .  (4.3) and (4.4) p e r m i t s  d e t e r m i n i n g  the  e f f e c t i v e  h e a t - t r a n s f e r  c o e f f i c i e n t  
fo r  tubes  wi th  a t h e r m o s t a t t e d  wal l  

a = 2e~ / B ( 4 . 5 )  

This  va lue  i s  t w i c e  a s  g r e a t  a s  the  a n a l o g o u s  va lue  f o r  the  c a s e  of a c h e m i c a l  t h e r m a l  exp los ion  [9]. 
Th i s  i s  c o n n e c t e d  with the  f ac t  that ,  with a h y d r o d y n a m i c  t h e r m a l  exp los ion ,  the  m a x i m u m  of the  r a t e  of 
h e a t  evolu t ion  i s  l o c a t e d  n e a r  the  s u r f a c e  wh i l e  with a c h e m i c a l  t h e r m a l  exp los ion  i t  i s  a t  the  c e n t e r  of 
the  tube  [3]. 

T h e  a u t h o r s  a r e  g r a t e f u l  to L. A. Vul i s  f o r  h i s  i n v a l u a b l e  eva lua t i on  of the w o r k  and to N. I. P e r e g u -  
dov f o r  s e t t i n g  up p r o g r a m s  fo r  c o m p u t e r  c a l c u l a t i o n s .  
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